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ABSTRACT
We derive for the first time fundamental equations that describe soliton spatial profiles consisting of
two-photon mode fields and macroscopic polarization of medium. Numerical solutions of this basic equation
are presented to suggest both single soliton and multiple soliton chains in infinitely long targets, taking
an example of para-H2 v = 0 ↔ 1 (E1 forbidden) vibrational parameters. Although effects of dissipative
relaxation are included in the general form for the two-level system, the existence of static soliton-condensate
is established. For finite size targets we can precisely formulate the profile equation in a framework of non-
linear eigenvalue problem. Its first iteration provides approximate semi-analytic results under a potential
well in the linearized equation, which have qualitatively similar profiles to the case of infinitely long target,
an important difference being the exponentially decreasing profile near target ends proper to the eigenvalue
problem. A large number of weakly interacting solitons correspond to localized portions between adjacent
nodes of highly excited bound state wave functions in a one-dimensional potential well of large size. These
soliton-condensates are expected to be important to enhance the signal to the background ratio in the
proposed neutrino mass spectroscopy using atoms.
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I Introduction
Solitons of macroscopic size which are made of dynamical electromagnetic fields supported by medium
polarization are of great interest both from points of fundamental physics and applications. Basic entity
when medium atoms are excited by the usual electric dipole transition is known as polariton [1], [2]. The
study of solitons made of the dipole field has a long history since the early works [3]. Polariton type of
solitons are expected to play fundamental roles in a new type of lasing material and quantum information,
and there have been remarkable experimental progress on polariton condensates [4], [5].
We investigate in the present work solitons of a different kind; the system of medium atoms that are
coupled to two-photon mode. The transiton between two relevant atomic levels are E1 forbidden like
J = 2 → 0,∆P = + transitions, but E2 or two-photon allowed. Time evolving macro-coherent dynamical
process |e〉 ↔ |g〉 + γγ has been studied in our previous works [6], [7] and existence of explosive two-
photon events of characteristic features have been established. This dynamical process is termed paired
super-radiance (PSR). Highly entangled two-photon states that emerge in PSR may have an advantage
over the usual type of polariton in some aspects of applications. Moreover, at the fundamental level PSR
dynamics is closely related to the proposed macro-coherent radiative emission of neutrino pair (RENP)
|e〉 → |g〉 + γ + νν [7], [8] when an applied static electric field induces admixture of different parity state
appropriate for RENP. Once soliton-condensates related to PSR are formed, they may become an ideal
target state of RENP, because these condensates are stable remnants and do not emit QED background
two-photon pairs from target ends. Many advantages of atomic RENP for future neutrino physics have been
reviewed in [7].
In the present work we derive for the first time the correct form of soliton profile equations related
to PSR. Effects of phase-coherence relaxation and population decay are both included in this derivation.
By numerical calculations we show that both single soliton and multiple soliton chains are (almost, in an
approximate sense) derived by solutions of this profile equation in an infinitely long medium. Results are
surprising in the sense that these stable soliton solutions exist despite of the most general form of dissipative
terms in the two-level system. For finite-size targets we are able to formulate a non-linear eigenvalue
problem and bound states of the eigenvalue problem correspond to soliton-condensates. The existence of
stable soliton-condensates is guaranteed by a form of one-dimensional potential well that appears in the first
iteration of linearized approximation. To the best of our knowledge, it is rare or none that soliton solutions
in the presence of dissipation are explicitly shown.
Significance of soliton formation in the neutrino mass spectroscopy is in enhancing the signal to the
background raito and in providing an ideal experimental means. For this experimental purpose a fast and
stable switching mechanism between PSR and RENP modes has to be devised.
The rest of the present work is organized as follows. In Section II, after a brief review of the modified
master equation of PSR dynamics we derive the static profile equation for envelopes of field components
after the Bloch vector is solved in terms of field components. With the symmetry of PSR system fully taken
into account we reduce the effective field degrees of freedom to two real fields, which may be taken as two
counter-propagating field strengths. A classical mechanical analogue of particle in two space dimensions is
pointed out. The acting force is not conservative. In Section III the soliton profile equation thus derived
is numerically solved for infinitely long targets. Both single and multiple soliton chain solutions are identi-
fied apprximately. We present numerically obtained profiles of soliton-condensates for para-H2 vibrational
transition v = 0 ↔ 1, a system strictly E1 forbidden with the main de-excitation mode being two-photon
process. In Section IV the finite size of targets is treated and a precise non-linear eigenvalue problem is
formulated. The first order iteration of this non-linear eigenvalue problem is reduced to a linearized potential
well problem in one space dimension. Its wave functions of bound states give condensate profiles, the proba-
bility amplitudes corresponding to field magnitudes precisely. For a potential well given by a large coherent
region of one-to-one (1/1) mixture of excited and ground states, highly excited n−th level is well described
by the WKB formula of quantum mechanics with n − 1 nodes. A n number of weakly interacting solitons
in the condensate may thus be identified by localized objects between two adjacent nodes. In Appendix we
give some technical details on the master equation and input data of para-H2.
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Throughout this work we use the natural unit of ~ = c = 1.
II Derivation of soliton profile equation
Since we assume that the target is irradiated by excitation and trigger lasers in one and its counter-
propagating direction, the development of medium polarization occurs only in a direction taken here as x
axis. We further assume that target atoms are distributed uniformly and take the continuous limit of target
atom distribution. A further simplification we adopt for the moment is to take an infinitely large target.
The main part of two-photon interaction with two level atoms is described by an effective hamiltonian
in 1+1 dimensional field theory:
H =
∫
dxE2(x)
(
c∗e(x), c
∗
g(x)
)
α
(
ce(x)
cg(x)
)
, (1)
where ci(x) are wave functions for atoms in the level |i〉 and α are 2 × 2 matrix given by product of two
dipole transition elements dpe, dpg to an upper intermediate level |p〉 coupled to two lower levels |e〉, |g〉 by
E1 dipole moments [6]. The hamiltonian is given in an interaction picture, hence the off-diagonal elements
contain oscillating functions e±iǫegt which may be eliminated by slowly varying envelope approximation
(SVEA) done later. This hamiltonian is derived by taking the Markov approximation and eliminating |p〉.
Numerical parameters of α matrix elements are illustrated for the example of para-H2 vibrational system
of v = 1 ↔ 0 in Appendix. In a typical situation the field E(x) = ER(x) + EL(x) is decomposed into a
sum of right and left moving waves of different frequencies whose sum coincides with the energy difference,
ω1 + ω2 = ǫeg.
From this hamiltonian one may derive the Bloch equation for bilinear forms of wave functions, namely the
density matrix elements, Ri = ψ
†σiψ (with the normalization of the number density n for ψ
†ψ). We include
the most general dissipation term given by a rigorous analysis [9] for the two-level system, which agrees
with description in terms of T1, T2 due to Bloch. The medium polarization P is calculated from this density
matrix element and inserted in the right hand side (RHS) of Maxwell equation, (∂2t − ∂2x)E = −∂2t P . The
resulting system of non-linear partial differential equations for dynamical variables, Ri, Ei, is called Maxwell-
Bloch equation and constitutes the master equation for PSR dynamics after matched phase components are
projected out. The master equation after reduction to the first order differential equations with slowly
varying envelope approximation (SVEA) is given in [7].
We seek static solutions of the Maxwell-Bloch equation. An important departure taken here from [7] is
that we rely on second order differential equations of space-time derivatives. This is because experience in
known soliton solutions such as the real field Goldstone model [10] shows that the second order formalism
is essential for derivation of solitons. With the spirit of SVEA we replace the derivative operation in RHS
of Maxwell equation by −∂2t → ω2i . The resulting new master equation for PSR is given in Appendix. We
seek static remnant solutions of this master equation.
An important change in the second order formalism is in basic scale units of time, length and field
strength. They are given by
t0 = (
1
2
ǫeg
√
αgen)
−1 , l0 = ct0 , E
2
0 = ǫeg
√
n
αge
. (2)
We refer to Appendix for precise definition of αge. These differ from t∗, E
2
∗ , the units defined in [7] (reflecting
the change from the first to the second order formalism of field equations), in the important n (target number
density) dependence. For the para-H2 transition, ct0 ∼ 0.03mm with n = 1021cm−3 scaling like 1/
√
n. We
define dimensionless length (ξ) and time (τ) as ξ = x/l0 , τ = t/t0.
The static version of Bloch equation is solved in the presence of inhomogeneous term (which reflects
that the system ultimately approaches the ground state), resulting in the Bloch vector components written
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in terms of fields. This is given by an 3× 3 matrix inversion for ~r = ~R/n,
~r = R−1

 00
1

 , R = τ1A−

 τ1/2 0 00 τ1/2 0
0 0 1

 , τ1/2 = T1T2 , τ1 =
T1
t0
, (3)
where A is an anti-symmetric 3× 3 matrix,
A =

 0 a −b−a 0 c
b −c 0

 , a = 2γ−(|eR|2 + |eL|2) , b = −4ℑ(eReL) , c = 4ℜ(eReL) , (4)
where ei, i = R,L are dimensionless fields in the unit of E0 of right and left moving field envelopes (with the
factor e±iωt taken out) and γ± = (αee ± αgg)/2αge. In the para-H2 example, γ− ∼ 0.64 , ǫeg ∼ 0.52eV, and
ǫegn ∼ 26 GWmm−2 for n = 1021cm−3. The resulting Bloch vector is inserted into RHS of Maxwell equation
and the soliton profile equation is formulated, using real fields. The profile equation for real variables is
given by
~eT = (ℜeR ,ℑeR ,ℜeL ,ℑeL) ≡ (e1, e2, e3, e4) , (5)
− d
2
dξ2
~e =M~e , M = 1
2
(
γ+ + γ−r3 r1σ3 − r2σ1
r1σ3 − r2σ1 γ+ + γ−r3
)
, (6)
r1 = −4τ2
D
(ℑ(eReL) + 2τ2γ−ℜ(eReL)(|eR|2 + |eL|2)) , (7)
r2 = −4τ2
D
(ℜ(eReL)− 2τ2γ−ℑ(eReL)(|eR|2 + |eL|2)) , (8)
r3 = −
1 + 4γ2−τ
2
2 (|eR|2 + |eL|2)2
D
, D = 1 + 4γ2−τ
2
2 (|eR|2 + |eL|2)2 + 16τ1τ2|eReL|2 , (9)
in the 2 × 2 block-diagonal form. 4 × 4 matrix M is real and symmetric. The middle point of frequency
ωi = ǫeg/2 , i = 1, 2 is taken for simplicity. We do not expect qualitatively different results for another choice
of ωi.
It is useful to think of classical mechanical analogy by taking ~e as 4-vector of particle position, ξ as a
fictitious time and RHS of (6) as a force. This force is not conservative, since ∂i(Mjkek) 6= ∂j(Mikek).
Eigenvalues of the matrixM play important roles and it turns out that these are functions of R = |eR|2
and L = |eL|2 alone. We may thus expect that classical mechanics of this system is governed by these
two variables and that there exist two-fold symmetry. This symmetry is associated with two conserved
quantities,
W ′ = e′1e2 − e′2e1 − e′3e4 + e′4e3 , XY ′ − Y X ′ , (10)
with X = ℜ(eReL), Y = ℑ(eReL). ′ indicates ξ derivative.
Imposing these conservation makes it possible to write the soliton profile equation as ordinary second
order differential equations in terms of right and left moving fluxes R,L:
R′′ =
(R′)2
2R
− (γ+ + γ−r3)R+ 2(l − hR)
2
R
, (11)
L′′ =
(L′)2
2L
− (γ+ + γ−r3)L+ 2(l + hL)
2
L
, (12)
r3 = − 1 + 4τ
2
2 γ−(R+ L)
2
1 + 16τ1τ2RL+ 4τ
2
2
γ2−(R+ L)
2
, (13)
with two conserved quantities h, l given by
XY ′ − Y X ′ = l(R+ L) , W ′ = h(R + L) . (14)
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Physical meaning of these variables, l and and h, are angular momentum components for the particle motion
in four dimensions in appropriate units when one regards space coordinate ξ as a time.
We have neglected a small term
8τ22γ−
1 + 16τ1τ2RL+ 4τ22 γ
2
−(R + L)
2
RL(R+ L) , (15)
in RHS of these equations that vanishes in the T1 ≫ T2 limit, which is valid in most targets. In numerical
computations in the next section this small term is however included.
III Condensate profiles and its interpretation
We first give a variety of numerical solutions of the full soliton profile equation, eqs(11), (12). Since
our final equations are a coupled set of non-linear ordinary differential equations for two components,
numerical results are reliable, and we are able to identify important classes of solutions sufficient to clarify
the overall picture of static solutions. We impose the boundary condition at the center of target such that
field derivatives vanish there with a variety of field value choices. Since we do not impose the appropriate
condition for the vacuum outside targets, we are effectively treating an infinitely long target in most of
discussions that follow. Next we give interpretation of these general solutions in terms of aggregate of single
solitons that have topological property [10].
The useful quantity that gives directly the potential activity factor of both PSR and RENP is
dη
dξ
= (r21 + r
2
2)(|eR|2 + |eL|2) =
8τ22RL(R+ L)(
1 + 16τ1τ2RL+ 4τ22 γ
2
−(R+ L)
2
)2 (1 + 4τ22γ2−(R+ L)2) . (16)
This quantity is shown in some presented figures below. The largest integrated value η =
∫
dξdη/dξ of this
quantity is 1. Corresponding to this largest value RENP rate (proportional to the activity factor η) becomes
maximal. For instance, in the example of Cs P1/2(1.39 eV) de-excitation studied in relation to the nuclear
monopole pair emission [8] the rate becomes of order 104Hz for the target number density n = 1021cm−3
(rate proportional to n3) and for the target volume V = 102cm3 (proportional to V ).
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Figure 1: Para-H2 PSR soliton solution for (h, l) = (−1, 0.01) under the condition of R = 10−4, L = 1, R′ =
L′ = 0 at the center of target. R-mover energy density in dashed red, L-mover in dash-dotted blue and
η−profile times 50 in solid black. Assumed parameters are τ1 = 1000, τ2 = 10.
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A typical feature of many solutions such as shown in Fig(1) , Fig(3), Fig(4) and Fig(6), is a periodic
structure which may be decomposed into two types of basic units, one unit made of large L-mover energy
density and small R-mover energy density at one end and a large R-mover and small L-mover energy densities
at another end. The other unit is made of L/R ratio reversed from this one. This class of solutions have
been obtained for large h of order unity and small l except the case of Fig(6) in which both h, l are of order
unity. The structure of these profiles suggests that static solutions are aggregates of these two basic units of
solitons. In [6] these two type of solitons are called emitter and absorber solitons and they are characterized
by opposite topological quantum numbers of ±1. Emitter and absorber are arranged alternatively in Fig(1),
hence may be designated by · · ·E −A− E −A · · · chain.
At two target ends of these one-dimensional objects both R- and L-moving energy densities are non-
vanishing in general, which means that their energy fluxes are also non-vanishing. Thus, these objects
truncated from the infinitely large target to a finite length target are expected to be unstable due to the
energy leakage from two ends. Flux leakage can be ignored for a large enough target, and one has the picture
of aggregate of stable soliton chains albeit in a good approximate sense.
A single unit of emitter and absorber solitons may be defined by a finite portion of solutions in the
ideal infinite size target, whose end points are defined by two adjacent locations of vanishing derivatives,
R′ = 0, L′ = 0. These are the left and the right portions of objects given in Fig(2). The left portion is
absorber soliton, and the right is emitter soliton. The other pair of emitter in the left and absorber in the
right may also be identified. Solitons thus obtained have finite sizes, and the infinite number of these pairs
appear in static solutions for the infinite size target.
-1.0 -0.5 0.5 1.0
location
0.2
0.4
0.6
0.8
1.0
field strength
Paired solitons
Figure 2: Portion of a paired solitons taken from Fig(1). The left portion is absorber soliton and the right
is emitter soliton.
The result shown in figures of Fig(1) and Fig(2) indicates that interaction of solitons is weak, hence
the profile structure of aggregate can readily be interpreted as a chain of ideal AE solitons. But there are
solutions that show much stronger interactions. In Fig(3) we show one of these solutions. This example
indicates that emitter-emitter or absorber-absorber interaction is attractive and strong. In this case field
maxima of R- and L-movers appear at the same target locations. The extreme case of this class of solutions
is given by Fig(4) in which R- and L-energy densities coincide. Its portion of a single peak is shown in
Fig(5) where both eneregy density and Bloch vector components are depicted. The single peak solution is
characterized by a mixture of excited and ground state of the ideal 1/1 mixing except the sharp edge region.
So far we showed results for infinitely long targets. For finite size targets one imposes the condition that
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Figure 3: Example of strongly interacting soliton-condensates. (h, l) = (−1.8, 0) with the boundary condition
of R = 0.01, L = 0.005, R′ = L′ = 0 at the center of target. R-mover energy density in dashed red, L-mover
in dash-dotted blue and η−profile times 100 in solid black. The unit length 1 in this figure corresponds to
∼ 0.1 mm for para-H2 atom density 1021cm−3. Assumed relaxation parameters are τ1 = 1000, τ2 = 10.
-5 5
location
0.1
0.2
0.3
0.4
0.5
field strength
Multiple solitons
Figure 4: Soliton-condensate for a finite size target. R−mover energy density in dashed red, L−mover
in dash-dotted blue which is degenerate with R−mover. 500 × dη/dξ is plotted in solid black Assumed
parameters are h = −1, l = 0.001, τ1 = 103, τ2 = 10.
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Figure 5: Truncated portion corresponding to Fig(4) that gives a single soliton of overlapping R and L
energy densities. Energy density is depicted in dashed red, r3 in dash-dotted blue, and
√
r2
1
+ r2
2
in solid
black.
R- and L-mover energy densities vanish at two ends and assumes that they are matched to the trivial vacuum
solution outside the finite target. In this case field maxima within the target cannot take arbitrary given
values, and these values become quantized. Thus, finite size soliton-condensates are obtained as solutions
to a kind of eigenvalue problem. We shall formulate more precisely a non-linear eigenvalue problem in the
next section, but for a sufficiently long target our numerical solutions for the infinitely long target give good
approximate solutions to the eigenvalue problem. Indeed, the result given by Fig(4) is a good approximate
solution to the eigenvalue problem. Its truncation given by Fig(5) is a bound pair of solitons and of finite
size. Its size is of order a few times the basic length scale ct0.
Finally, we show the case of large activity factor η of order unity in Fig(6) in which a different τ2/τ1
ratio and h, l values are taken.
It should be clear that our solutions for the infinitely long target provide a variety of cases of soliton-
soliton interaction. Further clarification of soliton interaction is however beyond the scope of the present
work.
IV Formulation of non-linear eigenvalue problem and approximate semi-analytic results of
soliton-condensates
We first give a potential well model based on heuristic arguments along with its semi-analytic results, and
later formulate the non-linear eigenvalue problem. Solutions in the first part are found to be the first order
approximate solutions to the precise non-linear problem in the second part; the first one in a self-consistent
iteration scheme.
Numerical solutions in the preceding section suggest that the population difference r3 has a periodic
structure in the range, −1 ∼ 0. A large central part of r3 = 0 corresponds to a target state of the 1/1
mixture of the excited and ground states, and r3 = −1 of the ground state at small adjacent regions. We
may concentrate on a region of target which starts from r3 = −1, rising to a plateau region of r3 = 0,
then returning again to r3 = −1 region. Two regions of r3 = −1 may be regarded as two end regions of a
condensate.
We put by hand this structure of population difference by giving a profile of the population difference
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Figure 6: Example of large activity factor η. R- and L-mover energy density in dashed red and in dash-
dotted blue respectively. The profile dη/dξ is depicted in solid black (without any multiplicative factor).
Assumed parameters are (h, l) = (−1, 1) , τ1 = τ2 = 10 and the boundary condition is taken as R = 0.05, L =
1, R′ = L′ = 0 at the center.
having this behavior, for instance
r3(ξ) =
1
π
arctan(
ξ −∆/2
d
− π
2
) +
1
π
arctan(−ξ +∆/2
d
− π
2
) , (17)
with the length of transitional region d much smaller than the size of excited region ∆; d ≪ ∆. A precise
form of this profile is not important in the following discussions. As shown in Fig(5), we expect that a
typical case of potential well, −(γ+ + γ−r3)/2 in the diagonal part of the matrix −M of eq.(6), is close to
the square well form. For existence of bound states of a potential of this type, it is necessary to have γ− > 0,
which means αee > αgg (αab = polarizability defined in Appendix) implying that the excited level |e〉 must
have a larger polarizability than the lower level |g〉. For dipole transition moments of similar magnitudes,
this usually holds due to the closeness of |e〉 to the E1 related upper level |p〉, closer than |g〉 to |p〉. This
profile may be extended by summing over equally displaced at ξ = N∆/2 , N = ±1,±2 · · · in the target.
We call this the potential well model.
The classical particle motion corresponding to this potential well is described by
R′′ − R
′2
2R
= − ∂
∂R
V , (18)
L′′ − L
′2
2L
= − ∂
∂L
V , (19)
V (R,L; ξ) =
1
2
(γ+ + γ−r3(ξ)− 2h2)(R2 + L2)− 2l2(lnR+ lnL) + 4lh(R − L) . (20)
For γ++γ−r3(ξ)−2h2 > 0 (for any r3) the potential V has a minimum away from the origin of (R,L) = (0, 0).
For l = 0 the potential V has a form of 2d harmonic oscillator of variable frequency given by the space
dependence of r3(ξ). This model breaks the translational invariance, hence the zero energy solution does
not exist in this case.
Semi-analytic results for the case l = 0 of the potential model can be worked out in the following way.
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The relevant equation for this case is
−I ′′ + I
′2
2I
+W (ξ)I = 0 , (21)
W (ξ) = 2h2 − (γ+ + γ−r3(ξ)) , (22)
for I = R,L. (In the precise non-linear equation below they are coupled by the formula r3 given by the two
energy densities.)
This equation may be linearized by a change of function,
−ψ′′ + 1
2
W (ξ)ψ = 0 , ψ =
√
R . (23)
The problem is thus equivalent to the eigenvalue problem of Schro¨dinger equation, with the potential being
∝ W (ξ) − h2 (not V ) and the energy h2. It is known from textbooks of quantum mechanics that there
are always bound states confined within a potential well in one space dimension. If one approximates the
potential by a square well, the number of bound states is n for
(n− 1)π < √γ−∆ < nπ . (24)
In another word the number of bound levels is ∼ √γ−∆/π for a given width ∆ of the potential well. It is
important to realize that the number of bound levels is given by a factor ∝ ∆ for a given target atom, which
is the size of maximally coherent excited region. (The potential depth γ− proper to a chosen target plays
a minor role.) The bound levels are labeled by k = 1, 2, · · · n − 1, n in the order of increasing energies, the
deepest having an energy ∼ −∆+ (π/∆)2 and k−th excited energy ∼ −∆+ k2(π/∆)2. Excited levels are
as if they had kinetic energies of momentum ∼ k, almost freely moving within the potential well except at
the classical turning points. There are k − 1 nodes of the wave function for the k−th level, hence the same
number of zeros for the energy density.
More generally beyond the square well model, wave functions in one-dimensional quantum mechanics
are well described by the WKB formula of quantum mechanics for highly excited levels. Wave function
profiles in the WKB formula are plane-wave like near the center of the potential well, and exponentially
decreasing beyond the classical turning points given by W = 0. Almost periodic structure of R and L
energy density profiles observed numerically in previous figures of multiple soliton condensates reflects the
plane wave nature of WKB formula in the central target region. The presence of the exponential factor
for penetration into the potential barrier beyond the excited target region has an important consequence of
suppressing the leakage of energy flux from target ends once soliton-condensates are created.
For a large quantum number the results of linearized potential well model support the picture in the
previous section of weakly interacting k solitons for the k−th bound state. Each portion between two
adjacent zeros gives a weakly interacting soliton of almost the same size ≈ ∆/k (to be multiplied by ct0
for the real length). For a large potential well depth ∆ there are many bound levels of different k, and
correspondingly solitons of different sizes. These different soliton sizes in the real unit using the length of
coherent region L may be estimated as
(∆,
∆
2
,
∆
3
, · · · π√
∆
) · ct0 , ∆ = L
ct0
, (25)
by using the square well potential. The ground state corresponding to k = 1 may have a gigantic linear
size ∼ L, and may be the most effective to RENP, giving a large activity factor η. Thus the potential well
model gives a more precise picture of soliton-condensates complementary to previous discussions based on
numerical computations.
We did a sample numerical computation using the linearized potential well model, and found a reasonable
agreement with numerical solution in the preceding section. Note that the field profile of Fig(5) looks like
the wave function squared of the ground state in a square well type of the potential −γ−(1 + r3)/2, except
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the target region near two edges due to that the boundary condition for the finite size is not taken into
account properly.
Stability of soliton-condensates is obvious in the bound state picture of the potential well model. Their
bound state energies are real without dissipative effect. The topological quantum number of absorber and
emitter solitons alluded above plays a minor role in the stability analysis of solitons. What is more important
is the existence of many bound states for a large potential well width ∆.
Needless to say, there exist scattering states of almost constant envelope amplitudes which give prop-
agating fields modified by refractive index of medium. There may be resonance states having imaginary
parts, which are unstable having finite lifetimes, too. These seem to be interpreted as corresponding to
self-induced transperancy (mentioned in [3] for E1 transitions) and explosive PSR events [6].
Formulation of non-linear eigenvalue problem for l = 0
We shall formulate the non-linear eigenvalue equation for the special case of l = 0, relegating more
complicated cases of l 6= 0 to the last.
In the preceding discussion we assumed a form of population difference r3(ξ) by heuristic arguments
based on numerical solutions in the preceding section. We now take the correct form of the population
difference in terms of the field powers;
r3 = − 1 + 4τ
2
2 γ−(|ψR|2 + |ψL|2)2
1 + 16τ1τ2|ψR|2|ψL|2 + 4τ22 γ2−(|ψR|2 + |ψL|2)2
. (26)
This quantity is in the range of 0 > r3 ≥ −1. The non-linear eigenvalue equation to be solved is then a
coupled set of two-component equation,
− d
2
dξ2
ψa +
1
2
(
h2 − 1
2
(γ+ + γ−r3(|ψR|2, |ψL|2)
)
ψa = 0 , (27)
with a = R,L. The normalization of wave functions ψa is given by the integrated sum of stored energies,
both from light fields and medium excitation. The assumption of this type of normalization condition is
sound on physical grounds, but we do not know its precise form at the moment. The exact conservation law
valid for finite relaxation times Ti given in [6] is not useful because it is based on the first order formalism
of field envelope equation unlike the second order formalism here.
When one of the fields is absent (ψR = 0 or ψL = 0), r3 = −1 automatically and the non-linear potential
in eq.(27) is a mere constant. This case does not give any bound state solution, hence there is no soliton
condensate in the one-field case.
The linearized model of potential well in the preceding discussion may be taken as the first trial approx-
imation in the self-consistent iteration scheme. Result of wave function obtained by this linear problem is
then inserted into the formula eq.(26) for the population difference. The second round of approximation
assumes this function for a better choice of r3(ξ) and again solve the linear problem with this potential to
obtain the second order form of wave functions. One continues this process until one reaches a reasonable
level of consistent r3 and fields. One may well call this a non-linear Schro¨dinger equation. If the first guess
for r3(ξ) is good, one may expect a good convergent series of wave functions ψa and eigenvalues in several
steps of iteration. We cannot rigorously prove the convergence of iteration, but it seems that the non-linear
eigenvalue problem proposed here is physically a sound formulation.
General non-linear eigenvalue equation for l 6= 0
In the most general case the harmonic force W has further terms dependent on l;
−I ′′ + I
′2
2I
+WII = 0 , (28)
WI = −1
2
(γ+ + γ−r3) + 2
(l ∓ hI)2
I2
. (29)
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∓ corresponding to the choice of I = R,L. The non-linear Schroedinger equation becomes more complicated,
− d
2
dξ2
ψa − 1
4
(γ+ + γ−r3(|ψR|2, |ψL|2)ψa + (l ∓ h|ψa|
2)2
|ψa|4 ψa = 0 . (30)
The last term in the non-linear Schro¨dinger equation (30) is bounded from below, and it may be rea-
sonable to take wave functions around its minimum. A constant term around this minimum exists in the
equation. One may regard this as freely propagating light field that does not contribute to condensates.
Deviation from this free propagation makes up created condensates.
Non-linear terms that appear in this general case are somewhat awkward looking and from the elegance
point it may be better to go back to the original set of real four component (in terms of ei, i = 1 ∼ 4)
equation, eq.(6). This is another precise form of non-linear eigenvalue equation of elegance, treating all
Bloch vector components ri , i = 1, 2, 3 on an equal footing: the sacrifice for elegance is the loss of conserved
quantities, h, l, along with a practical usefulness (presumably). In the four-component non-linear eigenvalue
formalism it is evident that effects of relaxation with finite Ti’s are all condensed in diminished magnitudes
of Bloch vector ~r2 < 1 and nowhere else at all.
A remaining important problem is to determine the probability distribution of various forms of solitons,
in particular their size distribution, created as a result of time dependent evolution of laser irradiation along
with events emitted as PSR, which is left to future work.
In summary, we demonstrated for the first time that despite of existence of relaxation effects stable
soliton-condensates exist in medium atomic system coupled to two-photon mode. There are a variety
of condensate profiles depending on strength of soliton-soliton interaction, which have been identified by
numerically solving exact non-linear profile equations for two reduced dynamical variables in infinitely long
targets. Single solitons of unit topological charge and their condensates of net zero charge are obtained this
way. For a given finite size target a precise non-linear eigenvalue equation has been formulated, to give the
profile of condensates as wave functions of quantized bound states. The first iterative approximation to this
non-linear system is equivalent to a linearized eigenvalue problem in one space dimension. We were able
to identify condensates of a large number of solitons as highly excited bound levels in a potential well of
large size. The leakage of fluxes from target ends is found to be exponentially small, being given by the
penetration factor into potential barriers. Dynamical process of formation of soliton-condensates ought to
be worked out by solving the full space-time evolution equation in order to further determine the soliton
size distribution.
V Appendix: Second order master equation and basic scale units
The basic time and length unit t0 and ct0 are identified from the Maxwell equation (∂
2
t − ∂2x)E = −∂2t P .
RHS of the Maxwell equation has a off-diagonal element of the polarizability matrix α later given, αge as
the coupling parameter and linear both in Bloch vector components Ri = nri and E. We thus identify the
basic units and dimensionless time τ and length ξ as
t0 = (
1
2
ǫeg
√
αgen)
−1 =
√
αgent∗ , τ =
t
t0
, ξ =
x
ct0
, (31)
where t∗ is the unit defined in PTEP paper [7].
The field strength unit is identified from the Bloch equation, which is first order in time derivative and
in RHS contains αgeE
2Rj . Hence the unit field strength E
2
0 and dimensionless quantity ei are defined by
E20 = (t0αge/2)
−1 . ei =
Ei
E0
. (32)
These modifications of basic units give scale dimensions when solitons are formed. In particular, length
and time units are considerably smaller than those of [7]. The RENP rate unit ∝ E20L (L = the target
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length) is unchanged and coincides with previous results, because the scale change from [7] remains this
combination invariant. The dynamical factor, in particular, after solitons are formed, is calculated using the
soliton profile obtained by solving the profile equation written in the new units.
In the example of para-H2 vibrational transition v = 0↔ 1,
α =
(
1.1 0.069
0.069 1.0
)
× 10−23cm3 , (33)
at ω1 = ω2 = ǫeg/2 , ǫeg ∼ 0.52eV. We converted these values in [7] to those in the relevant rationalized
unit. This gives the basic units of
ct0 ∼ 0.03mm( n
1021cm−3
)−1/2 , E20 ∼ 1TWmm−2(
n
1021cm−3
)1/2 . (34)
The master equation in PTEP paper [7] has been written by using with SVEA the first order Maxwell
equation. This is modified in the second order formalism, with the change −∂2t → ω2 in RHS of Maxwell
equation. The master equation at the middle point of frequency ω = ǫeg/2 and ignoring grating effects is
then given by
∂τrT = −2iγ−(|eR|2 + |eL|2)rT + 4i(eReL)∗r3 − rT
τ2
, (35)
∂τr3 = −4ℑ(eReLrT )− r3 + 1
τ1
, (36)
(∂2τ − ∂2ξ )eR =
1
2
((γ+ + γ−r3)eR + r
∗
T e
∗
L) , (37)
(∂2τ − ∂2ξ )eL =
1
2
((γ+ + γ−r3)eL + r
∗
T e
∗
R) . (38)
γ+ ∼ 15, γ− ∼ 0.64 for para-H2.
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